Abstract: We prove anisotropic interpolation error estimates for quadrilateral and hexahedral elements with all possible shape function spaces, which cover the intermediate families, tensor product families and serendipity families. Moreover, we show that the anisotropic interpolation error estimates hold for derivatives of any order. This goal is accomplished by investigating an interpolation defined via orthogonal expansions.
Introduction
The interpolation error estimation plays an important role in the convergence analysis of the finite element methods [4, 7] . For the classical interpolation error estimates the meshes used are required to satisfy the so-called regularity (or nondegeneracy) condition, see e.g. [7] , which means that the ratio of the diameters of the element and the biggest ball contained in the element is uniformly bounded from above.
It turns out that this regularity condition is not necessary to obtain the interpolation error estimates. For example, mesh elements may be allowed to have characteristic sizes of different magnitudes in different space directions. Such elements are called anisotropic elements in the literature, and they have been the subject of intensive research last years.
The anisotropic interpolation error estimates for Lagrange finite elements have been derived by different techniques. In [2, 3, 10] anisotropic interpolation error estimates were obtained via the reference element, in [1, 12] for an interpolant defined via moments, and in [6] for an interpolant defined via Newton's formula of the Lagrange interpolation. However, for the Lagrange elements the anisotropic interpolation error estimates for quadrilateral and hexahedral elements are still incomplete. For two-dimensional quadrilateral elements only elements with tensor product polynomial space have been treated in the above mentioned references. In fact, there are three popular polynomial bases for rectangular meshes used in engineering practice: tensor product spaces, serendipity families, and intermediate elements. However, most of these elements are rarely considered in the anisotropic error estimation analysis.
The aim of this paper is twofold. First, we present a new technique to analyse the interpolation error for anisotropic finite element methods, where the anisotropic interpolation operators are obtained by orthogonal expansions. Second, we establish the anisotropic interpolation error estimates for quadrilateral and hexahedral elements with the intermediate, tensor product and serendipity families in a unified way. 
On orthogonal expansions in 1D
Recall some known facts. The Legendre polynomials in the interval
They are orthogonal on E, see e.g. [11, 13] . Also, L (±1) = (±1) . Furthermore,
L ( ) vanishes at points on E, which are called the Gauss points. The Lobatto polynomials are defined as
For ≥ 2, φ (±1) = 0. Lobatto polynomials have the following quasi-orthogonal property:
Each Lobatto polynomial φ ( ) of order vanishes at different points on E, called the Lobatto points. For a smooth function , the orthogonal expansion of / using Legendre polynomials is
Integrating both sides of (1) over (−1 ), we get
To determine the value of 0 , we may assume is C 0 -continuous at the end-points = ±1. Then
Anisotropic interpolations for Lagrange quadrilateral elements
We first analyse the case of 2D quadrilateral elements. Consider the following family of elements defined on the reference square K = { = (ξ η) T ∈ R 2 : −1 < ξ η < 1} whose vertices are denoted by , = 1 2 3 4:
where are real numbers and I is an index set such that
The above defined family contains all possible shape spaces of quadrilateral elements. Based on its structure and approximation properties, it can be divided into three groups:
iii) Serendipity families:
The space S ( K ) lies between P and Q 1 ( ).
From now on, assume the function is sufficiently smooth. Fix the variable η in K , then the expansion of with respect to ξ is
Next, for any (η), we can expand it using the Lobatto polynomials and obtain
Here , = 1 2 3 4, are the function values of at the four vertices . As a result we get the interpolation on the reference element defined as
It can be checked that the interpolation function constructed above is a C 0 -continuous function for general rectangular elements. In fact, one only needs to show that the value of such interpolation function on each edge of the element depends only on degrees of freedom of this edge. We prove this fact only for the edge η = 1. Since
is a -th order polynomial with respect to ξ, it can be easily seen that Π (ξ 1) depends only on the nodal values defined at two endpoints of this edge and the tangential derivative along the same edge between two adjacent elements. Thus Π (ξ 1) is continuous. Moreover, since φ (±1) = 0, ≥ 2, we have Π ( ) = ( ), = 1 2 3 4, which means that it is continuous at the four vertices.
The interpolation operator Π has the following anisotropic interpolation property.
Theorem 3.1.
If and a positive integer are such that 0 ≤ |α| ≤ ≤ + 1,
where
Proof. If = ∞, |α| = 0, = 0, estimate (2) is trivial in view of Green's formula and the Sobolev embedding theorem.
If |α| = 0, = 1, > 2, then it is the same as the classical interpolation theorem, which can be obtained by the Sobolev embedding theorem and the Bramble-Hilbert lemma. If = |α|, then, again by the Sobolev embedding theorem, (2) follows trivially. Now set |α| = , < , then
Integrating it by parts and noticing that 2 ( 2 − 1) 1 / 2 = 0 at ±1 when 2 < 1 , we obtain
where we used the Cauchy-Schwarz inequality and the trace theorem [8, Theorem I.1.5]. If α 1 = 0, α 2 = 0, we have
Hence (2) can be obtained by the anisotropic interpolation theorem [2, 5] . The estimate (3) can be proved by adapting the proof of [4, Theorem 4.6.18].
Let K be a physical quadrilateral, which is an image of the reference element K under the affine mapping
and Π = Π • F −1 K . Let 1 denote the length of the longest edge of K and 2 = |K |/ 1 be its corresponding height. Consider the following two conditions on K , cf. [2, 9] .
Maximum angle condition:
There is a constant σ * < π (independent of K and its diameter ) such that the maximal interior angle σ of any element K is bounded by σ * , i.e., σ < σ * . Coordinate system condition: The angle between the longest side and the -axis is bounded by | sin | ≤ C 2 / 1 .
Applying 
where the constant C > 0 is independent of K . Otherwise, if > + 1, we have
Theorems 3.1 and 3.2 show that the anisotropic property and interpolation error estimates for quadrilateral finite elements hold for derivative of any order, and therefore seem to be more impressive than those in the existing references, cf. [1] [2] [3] .
Remark 3.4.
In fact, it is possible to derive the explicit bounds for the constant C in Theorem 3.2 by using an explicit estimate for the expansion remainders. However, as this is not the main goal of the paper, such derivation is omitted here.
Anisotropic interpolations for Lagrange hexahedral elements
The results in Section 3 can be easily extended to three-dimensional hexahedral Lagrange elements. Here we consider hexahedral element, which is an affine image of the reference element and satisfies the maximum angle condition and the coordinate system condition as stated in [2, subsection 2.5]. Let K = { = (ξ η ζ) T ∈ R 3 : −1 < ξ η ζ < 1} be the reference element. Consider the following family of hexahedral elements:
where the multi-index I satisfies
Similarly to the case of quadrilaterals, we can construct the interpolation function on the reference element K as
where , = 1 2 8, are the values of at eight vertices of the element.
It can be checked that the corresponding interpolation function for physical elements is continuous. Indeed, consider the face ζ = 1, we have
One can easily verify that Π (ξ η 1) depends only on the degrees of freedom of the face ζ = 1. Furthermore, the interpolation operator Π satisfies the following anisotropic interpolation theorem.
Theorem 4.1.
Let and a positive integer satisfy 0 ≤ |α| ≤ ≤ + 1,
The proof is similar to the one in Theorem 3.1. The only (minor) difference is that we need the condition − |α| = 1, > 2 or − |α| ≥ 2 in 3D for the embedding theorem W 
Maximum angle condition:
There is a constant γ * < π (independent of K and its diameter ) such that the maximal interior angle γ F of six faces, as well as the maximal angle γ E between two adjacent faces of element K , are bounded by γ * , i.e., γ F < γ * and γ E < γ * . Coordinate system condition: The transformation of the element related coordinate system K = ( 1K 2K 3K ) to the independent Cartesian system (
